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ABSTRACT. Two different probability measures are of importance when calcu-
lating the risk of a large portfolio: the risk-neutral measure for pricing, and the real
measure to project true earnings. When using Monte Carlo, the natural method is
to conduct two different simulations, one in each probability measure. We advocate
to simulate portfolios only in the true measure, and, for pricing, to adjust the results
by the Radon-Nikodym derivative. This scheme leads to simulations that are up to
twice faster and whose results are easier to interpret. Our results can also be useful
in the calibration of the BGM/J Libor model. It is well-known that calibrating this
model to caps and swaptions results in a dispersion of risk-neutral rates that is much
higher than the plausible dispersion of real rates. Our scheme uses mean-reversion to
correct the real rate distribution while having the advantage of preserving the volatil-
ity structure coming from the calibration process. In order to solve this problem we
determined a new expression for the variance of the Radon-Nikodym derivative of
Gaussian measures, which could be useful in other areas of finance.

1. INTRODUCTION

Two different probability measures are of importance when calculating the risk of a large
portfolio: the measure used for pricing - be it risk-neutral, forward,..., and the real measure
to project true earnings. We consider the case when the logarithm of the state variables,
forward rate and credit spreads, are Gaussian in both measures, which is important in
practical applications. This article focuses on the BGM/J Libor model. For that model,
forward rates are approximately lognormal in the measure used for pricing, namely the
forward measure; normality is a key advantage for a successful and intuitive calibration to
caps and swaptions [3][4] . Likewise, a joint normal distribution in the true measure of the
logarithm of forward rates is much easier to interpret than any other more sophisticated
and statistically more correct distribution.

We note in passing that, whereas a standard methodology arose in inferring the forward
measure, there is less of a consensus to infer the real measure. Although the academic
literature favours to first infer the real measure and then adjust it with a market price
of risk to obtain the forward measure, information often flows the other way round in
practice. In many bank departments the key requirement is to do a correct pricing .
To this effect, the forward measure is calibrated first, to market prices and/or historical
correlations. To calculate earnings one or several (for what-if analysis) specific forms of the
true measure are then derived from the forward measure. If rates or spreads distributions
in the forward measure are deemed ”plausible”, the real measure is sometimes chosen
to be the same as the forward measure. Whereas theoretically incorrect, this offers the
advantage of facilitating communication with upper management, circumventing the need
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to explain why, along a particular scenario, rates are different when calculating Value-at-
Risk or Earnings-at-Risk.

When using Monte Carlo, the natural method to analyze risk is to conduct two different
simulations if not calibrations, one in each probability measure. We advocate in this paper
to simulate portfolios only in the true measure, and, for pricing, to adjust the results by
the Radon-Nikodym derivative of the forward measure with respect to the true measure;
the forward measure is calibrated first, and then the true measure, in such a way that the
variance of the Radon-Nikodym derivative is minimal. This scheme offers four distinct
advantages, as we explain below. The first one justifies conducting only one simulation,
and the second one justifies using two measures.

First, simulations can be up to twice faster, in the case of ”what-if analysis”the im-
provement in speed is much more important. This was the first reason why the author
undertook this project: speed is a key issue in many Asset/Liability Management simu-
lations . When the whole portfolio is simulated, the time required to calculate the cash
flows for all instruments completely dwarfs the time required to generate rate forecasts
[7]. However appealing theoretically, this approach is delicate to implement. The Radon-
Nikodym derivative tends to grow rapidly, resulting in a higher variance of the measure
of interest, and a degraded accuracy of Monte Carlo simulation. We will show in the next
section how our adjustment is ”"optimal” in the sense that it minimizes the variance of
the Radon-Nikodym derivative, thereby enhancing the accuracy of our simulations.

Second, as we will explain in more details later, separating the two measures has a clear
advantage for calibration. To take a concrete example, it is well-known that calibrating
the BGM /Libor model to caps and swaptions results in a dispersion of rates forecast, in
the forward measure, that is much higher than the plausible dispersion of real rates in
the US, because of the high skewness of the lognormal distribution. This is the reason
why alternate models like [2] were designed to prevent a too rapid increase in risk-neutral
rates; while widely used, for instance at Bank of America in the 1990s [8] this model is less
practical to calibrate to caps and swaptions than the BGM/Libor. Again, we advocate
to calibrate the forward measure first, and then to derive the true measure by a mean
reversion adjustment, such that rates will still be lognormal in the true measure, but with
a smaller dispersion. The volatility structure is chosen to be the same in both measures -
note that this has the further advantage to reduce the excessively large number of degrees
of freedom when calibrating the true measure. To summarize, the information we need
to infer both measures is:

e caps and swaption prices
e credit spreads dynamics (in the risk-neutral measure)
e the a priori knowledge that future rates/spreads are lognormal in the real measure

e an educated guess about the maximal plausible value of the rate/ spread variance
in the true measure.

No extra knowledge of the market price of risk, often difficult to obtain, is required,
while the whole information from the market is completely integrated.

Third, results are easier to interpret in our scheme, because both measures are tightly
linked by the minimization of the variance of the Radon-Nikodym, which acts as a measure
of 7distance” between two measures. Let us suppose we have 2 scenarios, H and L
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resulting in future (say one year from now) rates in the forward measure, of 15% and 5%.
When adding mean-reversion, the future rates in the real measure could be 12% in the
H scenario and 8% in the L scenario. The point is that the H scenarios yield higher rate
levels in both measures than the L scenarios. This is of particular interest in an ad hoc
analysis, when practitioners isolate particular scenarios after a Monte Carlo run to better
understand the results: a high rate scenario for pricing is a high rate scenario for earning
analysis, and this across different horizons.

Fourth, there is a quasi-analytical solution for the optimal speed of mean-reversion in
our scheme. By ”quasi-analytical”, we mean that the optimal solution is an analytical
function of only one parameter. The value of this parameter solves a nonlinear equation,
which is very easy to do numerically.

Finally, our lemma, albeit modest in scope, seems to be an unknown theoretical result.
Whereas much attention has been given to the distribution of exponentials of functionals of
Brownian motion [9] in the context of Asian option pricing, little has been done about the
moments of a Radon-Nikodym derivative of one Gaussian measure with respect to another
one. We suspect our result could be applied to the entropy minimization problems that
are currently being studied in mathematical finance [6].

2. FORMULATION OF THE PROBLEM

We first remind the reader how the state variables of a BGM/J model with credit risk
can be approximated by an Ornstein-Uhlenbeck process. We then expose the general
simulation problem, irrespectively of the particular model for the state variables.

2.1. A BGM/J Model with Credit Risk. The BGM/J model of risk-free interest
rates can be found in many textbooks [3][4]. For definiteness, we choose a model of
i = 1..m discrete forward rates f; with initial values f; o Each rates represents the rate of
a discount bound that starts at time T;_jand ends at time 7T;.These forward rates therefore
span the period starting now (at Tp) and ending at 7T,,. For simplicity, we suppose that
T;_1—T; = 7. We let WF be n-dimensional Brownian motion in the forward measure,
i.e., the measure where the 7 4 1-th discount bound is a martingale between time T; 1 and
T;. Let 0,(t) be the deterministic volatility at time ¢ of f;, and p,;,(¢) be the deterministic
correlation between forward rates ¢ and k. Since usually n < m, the values of p,;, are
completely determined by the values of coefficients b;; for j = 1..m, which are such that:

d
vz =1 1)
j=1

The system of SDEs for the risk-free forward rate is then.
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When resorting to Monte Carlo simulation, this system needs to be discretized. To
avoid cluttering the paper with new notation, we develop our results only in continuous
time. The reader interested in discretization schemes is referred to [3].

A reduced-form model is applied to analyze credit risk. We have [ = 1..L different
credit ratings. Let Fil’0 be the initial forward curve for rating [. The logarithm of the
forward spread st (which corresponds to rating [ and period [T;_1, T;]) follows an Ornstein-
Uhlenbeck process, that is:

dsl d
== (B alshdr ol Y bl )
7 j=1
5i(0) = Fio— fio (5)

1 gl 1ol . .
where o;, 8,03, b;; are at most functions of time.

Whereas the logarithm of the spread is Gaussian, the logarithm of the risk-free forward
rate is not quite Gaussian in the forward rate. However, the drift term is of proportional
to 02, against o for the diffusion term, so with a fine maturity discretization (7 small)
and normal volatility and forward rate levels, the drift term in (2) is negligible. This fact
has been well documented in [3][4]. From now on we assume that this drift is zero, that
is, the logarithm of the risk-free forward rate is Gaussian.

We suppose that the forward measure has already been inferred, that is, all parameters
above have been calibrated. Let:

[ log f
log s'

| log st

s ) by .. d (9)

_(fd(}'obfi_l e (rd@bf’ld

where  is the term-by-term Kronecker product of two vectors, and A! is the diagonal
matrix, with ozé in the diagonal. Our system is then

de = (b — AFz)dt + Sdw'* (10)

where ¥ is a matrix with N rows and d columns.



EFFICIENT CREDIT RISK SIMULATION BY OPTIMAL MEAN-REVERSION ADJUSTMENT 5

2.2. The Simulation Problem. Let ¢ = {T},..,77} be the collection of cash flow
dates of our portfolio, with T' the last cash flow date. Let C': C? @ ¢ — R be the cash
flow mapping. In other terms, C(z,T;) is the cash flow occurring at time T;, and, for fixed
time, C(.,T;) is a functional of our state variable z. Let D : C%2 % R — R be the discount
factor functional in the forward measure, i.e., D(x,t) is the discount factor at time ¢. The
price of the portfolio is:

V=E"]> D(zT,)C(x,T,) (11)

Ti€s

where ET' is expectation in the forward measure at time 0. Risk managers are inter-
ested in knowing not only V but also the distribution:

P(C(z,t) < ¢) (12)

for various times in the true measure of the cash flows C at various dates t. Our nota-
tion is the following: expectations operators, probabilities, and Brownian motion have a
subscript ¥ when in the forward measure, and no subscript at all in the true measure. A
common form of "what if” analysis is to calculate (12) under different volatility assump-
tions. Quite loosely, let o be some measure of overall state variable volatility. For each
value of o we are interested in calculating:

P7(Cx,t) < ) (13)

where P7is the true probability measure when volatility is . For simplicity, we will

not mention what if analysis anymore to focus on the case of only 2 measures, but the
reader should keep in mind that our results can be applied to more than 2 measures.

For large portfolios it is [7] much more time consuming to calculate C' than z. As
explained in the introduction, it is therefore advantageous to simulate C only in one
measure and then calculate (11) (13) with a change a measure. The Radon-Nikodym
derivative tends to grow rapidly, therefore results from a Monte Carlo simulation will be
less accurate in the measure where results are adjusted by the Radon-Nikodym derivative.
Also the additional error our scheme brings is more important when evaluating the tails
of the true distribution than the middle. Since risk managers are more interested in
accuracy in the tails of a distribution than in the middle, we recommend to simulate the
true measure first, and then adjust the results for pricing. Pricing will be less accurate,
but variance reduction techniques can be used to improve pricing, whereas they are hard
to use when estimating (12)'. The Radon-Nikodym derivative of the forward measure
with respect to the true measure is written:

olot) = BT

To summarize, the basic algorithm is the following.

(14)

1. Simulate z(w) in the true measure, for scenario w = 1..Q
2. Calculate the cash flow C(z(w),T;) for w =1..Q,T; € ¢

IFrom the viewpoint of Monte Carlo, estimating the probability P consists in estimating a collection
of expectations of an indicator function, one for each quantile ¢. Varaince reduction techniques typically
aim at optimizing simulations for only one of them
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3. Calculate the discount factor D(x(w),T;) for w =1..Q,T; €

4. Estimate (12) by sorting the results from step 2 for various times.
4. Estimate V' by:

Vi = g 2 3 0(0(), T Da(), T)C(a(e), T) (15)

w=1

The problem is now to infer the drift of our state variables in the real measure, since
the volatility is assumed to be the same in both measures. We restrict our attention to
drifts that are functions of the state variables, such that the resulting process is Gaussian
in the true measure. We are then limited to determine the parameters A, b of the Ornstein-
Uhlenbeck process:

dz = (b— Az)dt + SdW (16)

Often, the best predictor of future state variables in finance is their current value, so
we take b = 0. Also, we now assume b’ = 0, A” = 0. Taking different values would
complicate only slightly the following calculations. In general ¥ has more rows than
columns, therefore to keep absolute continuity across measures A must be of the form:

A=3YR (17)
for some free matrix R. Therefore
dx = =X Rxdt + XdW (18)
Let:
A= Rzx. (19)
Then:

[ )W ()= [ [A(s)[2ds
g(t) — es=0 =0 (20)

The number of Monte Carlo scenarios required to obtain a prescribed order of accuracy
is of order O(y/Var(V°t)). We need then to minimize the variance of our estimator or,
equivalently, its second moment. Since

E(VZ) = El_ 9(T)D(T;)C(T1))% (21)
< E[*(D)E[()_ D(T)C(T1))?) (22)

We now write Z = Y, D(T;)C(T;) for clarity, and p,, for correlation between g®and
Z4 . 'We then use Holder’s inequality repeatedly:
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(D) E(Z*] - p,Var[g (D)2 Var[Z*]2)2  (24)

(D) E[Z"] + Var[g¥(T)) 2 Var[ 2% )z (25)

Var[g?(T)]2 Var[Z*"z
Elg*(T)|E[Z"]

VAR VAN VAN
t

S e
[\
=)
T
¥k

Elg*(T)]'~ % Elg*(T))7 B[Z*"]7 (1 + )77 (26)

For finite variance of g?(T') the last term goes to one when n goes to infinity. We can
then write,for large n

E(V2) < E[g*(D)E[Y_ D(T;)C(T;)) ™2 (27)

Accuracy is at worst inversely proportional to the square root of the second moment
of g(T). The goal is therefore to minimize E[g?(T)].

As explained earlier, mean-reversion is introduced in the true measure with the goal
of limiting the dispersion of x, i.e., some linear form of the variance-covariance matrix of
x. However, for controllability reasons, we are restricted to limiting the dispersion of a
vector 2’of dimension d < N, which is a linear transformation of the vector x:

2’ = BRx (28)

for some invertible matrix B. We will see in the next paragraph what is a good choice
for BR. The dynamics of z’are:

d2’ = ~BRY.B '2'dt + BRX.AW (29)
and we can write:
A=B" (30)
Using the new notation:
> = BRX (31)
A" = BRyB™ (32)

Let e(E) be the vector (matrix) of ones in dimension N . The control problem becomes
then:

[ 220aw(o)— [ |a@)[de

MinA/(t) Ey [el:(’ (33)
T
Eo / @) Edd] < M (34)
t=0
de! = —A'2/dt+YdW (35)

A= ()t (36)
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3. SOLUTION OF THE OPTIMAL CONTROL PROBLEM

The main difficulty in this paper was to find a better formula for the objective (34). If A
were non-stochastic, the following result would be trivial.

[ 20aW©O- [ NP Bl ] MO

Lemma 1. Under (29)(30), Eg[er=° |=e
Proof: See appendix.

Theorem 2. When Y’ is symmetric, the solution of the optimal control problem is, for

some positive constant «:

A=/a> (37)

Proof: Within this proof, we drop primes on our variables for clarity. The optimizer
of the exponential of a function is the same as the optimizer of the function itself. The
same fact carries over to functionals. Let a be the Lagrange multiplier of (34). The
problem becomes then to minimize J(0), where

T
J(t) = Eo / NAdt + ax' Bxds] (38)
s=t
= EO[/xtAtE_QA:r+axtExds} (39)
s=t

Let V (t) be the variance-covariance matrix of z(¢). By Ito’s lemma, we have:

dv

o = AV -VA+ »? (40)

Writing ® for the Kronecker (term by term) product of two matrices, we have:
E[z'A'Y 2 Az] = ! A'S 2 A0 Ve (41)
Using the principle of optimality in dynamic programming, we have:

oJ _dV 0J

0 = MinR(t)et[AtE*QAQ’OV—I—OéV—I—W (}QE]e—FE (42)
= Mingpe'[A'S2A®V +aV + g—“i ® (—AV —VA) + 5?)]e + % (43)

Differentiating with respect to A yields:
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0J

=N2AV - — 44
0 %4 8VV (44)
We choose:
oJ
22y 4
57 (45)

Going back to (43) and separating the time term and the V term yields:

aJ
ot
0

= —e'uyle (46)
SASTPARV +aV + 22 A® (—AV — VA)e (47)

The right handside of (47) becomes, when A = /a1
AN T?PAQV +aV - 25 2A® AV]e = vaij —2la(S @ XV)e (48)
iJ
= Z 2aV;; — 2« Z(Eil)ij Z Yir Vief49)
ij ij k
Z 20V — 2a Z Z(E*t)jiEikaj(m)
ij ik

= ) 2aVi; -2 Vi (51)
ij jk
=0 (52)
Q.ED.

In light of this theorem, we see what is a good choice for the matrix BR of the previous
section to keep our control simple. It is the matrix that renders X~/ as symmetric as possible
while making the left side of (34) a positive linear form in E[z}2’]. In other terms, it could
be the solution of the program, for some positive constants [, d:

mine’(BRY — X'R'B")e (53)
I < (BR);j; <d (54)

We have not checked if the control problem is convex, in which case the constant «
would be the solution of the dual problem. In practice, it is easy to see that (34) is always
tight, and « can be calculated by univariate search as the minimum value that satisfies

(34).
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Example. In the monovariate case, we take:

o) = 0.140.3(1—e /) (55)
T = 10 (56)
M = 0267 (57)

We compare our optimal control, to the "naive” control to select a constant speed of
mean-reversion. The lowest value of a that satisfies (34) is a = 2.8. This results in:

E[¢*(T)] = 9.277 % 10'° (58)

The optimal control a = o(t) results in:

Elg*(T) =13 (59)

We now compare our methodology, to simulate cash flows only in the true-measure,
and then estimate V' according to (15), to the normal method, to perform two independent
simulations, one in the true measure, and one in the forward measure to calculate V. The
cost of estimating (12) is the same in both methods. In order to reach the same accuracy
in the second method to estimate V, we would need however 30% more scenarios. The
total processing time of our method is therefore roughly two-thirds of the processing time
of the normal method.

4. APPENDIX: PROOF OF LEMMA

For notational simplicity, we prove only the monovariate case. Let M; = fot AdW By
proposition (3.8) p.143 in [4], we have the Wiener chaos decomposition of ¢(T') :

T
oo 1 N
g(T):1+ZE / LPdM, (60)
=09
where
L° =1 (61)
" = n / Ly~ tdM, (62)

Calculating explicitly the first terms yields:

t

j - //\SdWS (63)
s=0
t s

L} = / /QAuquASdWS (64)

s=0u=0



EFFICIENT CREDIT RISK SIMULATION BY OPTIMAL MEAN-REVERSION ADJUSTMENT 11

We have then:

T t s
g(T) =1+ / (1 + / As(1+ = / 20, (1 + .)dW,,)dWs)dW, (65)
t=0 s=0 u=0
Or, in differential form,
t 1 s
dg(t) = — (1 + / Mg / (1 + )W) dW,)dW, (66)
s=0 u=0

By Ito’s lemma and the martingale property of g we have Eg[d(g?):] = Eo[(dg:)?]. We
now compute the latter:

Bol(dg?] = Boltv(1+ [ A5 [ 200+ )awavawy? (o7
s=0 u=0

S

= EO[AfE[{(l—l—/)\S(l—i—%/2>\u(1+..)qu)dWs)}2\mt}dt} (68)
s=0 u=0

Let us write Hy = A\s(1+ [ Ay(1+4..)dW,,), and T} =< x,z >, which is deterministic.
u=0
The p.d.f of z; being identical to the p.d.f. of W(T}), we have:

E[f(=)El{ / HodW, )2 [z, = 2]) = E[f(2)E}{ / HodW,)? [W(T) = 2] (69)
s=0 =0

S

Because of mean-reversion T; <t , so we have:

E[{ / H.AW,)? [ W(T)] = E[ / HLdW,}2 [W(T,)] +
s=0 s=0
E[ H.dW, H.dW, \W(Tt)}
5[0 s_/Tz
+E[{ / HLdW, )2 [W(T3)] (70)

Let B(s) = W(s) — W (T}).The distribution of the Brownian bridge (formula 8.5 in [1])



EFFICIENT CREDIT RISK SIMULATION BY OPTIMAL MEAN-REVERSION ADJUSTMENT 12

{B; — T;B(Ty), 0<t<Tt}_{Bt,0<t<Tt|B(Tt) =0} (71)

In other terms,

(Wi = W(T),0 <t <T,} £ {W, - W(T,),0 < t < T, |[W(Ty) } (72)
The first term to the right of (70) is equal to

T / HAW 2 [W(T)] = Elf / Hod(W, ~ WT) R W(T)]  (13)
s=0
_ / E[H2[W/(T)d(W, - W(T,))2]  (74)
s=0
- / E[H2 |W(T;)]ds (75)

The second term is zero, and the third term is:

{ / HdW, )2 |W(T,)] = B / H2ds [W(T,)] (76)

s=T, s=T}

Therefore (70) can be rewritten:

t
{/HdW}|WTt /EH2|WTt )] ds (77)
s=0 s=0

And (68) becomes, with the help of (69):

Bol(dg?] = Boltat(1-+[ [ Bol2 o Jds) (78)
= Eo[)\fdt{1+/>\§(1+ / (1 4+ .)dW,)%ds}] (79)
= Eo[\adt( 1+ / 7= A2 (t;)dt,)] (80)

n= 111 1=0  to=0

Writing v(t) = Eg[2?(t)] we obtain:
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Eo[d(gQ)t]:EO[)\Q(t)]dt(l+i / .. / Hfz_olEo[/\Q(ti)]dti)

n:Ltnfl =0 to=0

Let
h(t) = (1 + i L Eo [N (t))dty)
"—1t,,,/_0 tofo "
Since:
dh 9
L = B @)
We have:
h(t) = exp| [ Eo[\*(s)]ds]
s=0
Finally,
Eo[d(gQ)t] = FEo[\“(t)] exp[/ EO[AQ(S)]ds]dt
s=0
_ %exp[ / Fo[\(s)|ds]dt
Therefore

Eolg*(T)] = exp| / Eol2(s))ds]
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